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Abstract
In this note, we give a new short proof of the following theorem: Let G be a 2-connected graph of order n. If for any two
vertices u and v with d(u, v)= 2, max{d(u), d(v)}c/2, then the circumference of G is at least c, where 3cn and d(u, v)
is the distance between u and v in G.
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Let P = v1v2 . . . vk be a longest path of a connected graph G. We denote by End(P ) the set of end-vertices of P, i.e.,
End(P )= {v1, vk}. By the maximality of P, we easily have the following lemma.
Lemma 1. (a)N(v1), N(vk) ⊆ V (P ); (b) If v1vk ∈ E(G), then G is Hamiltonian; (c) If v1vj ∈ E(G), thenQ= (P ∪v1vj )−
vj−1vj is a longest path of G such that End(Q)= {vj−1, vk}.
Lemma 2 (Bondy [1]). Let P =v1v2 . . . vk be a longest path in a 2-connected graph G of order n. Then c(G)min{n, d(v1)+
d(vk)}, where c(G) is the circumference of G.
Let c and n be integers (3cn) and be denoted by Fc the set of 2-connected graphs of order n satisfying the following
condition: for any two vertices u and v, d(u, v) = 2 ⇒ max{d(u), d(v)}c/2, where d(u, v) is the distance between u and v
in G. In 1984, Fan proved the following.
Theorem (Fan [2]). If G ∈Fc, then c(G)c.
In [3], a short proof of the theorem is given. In this paper, we present a new proof, which is shorter than that of [3].
Proof. LetG ∈Fc and set S = {v : d(v)c/2}. By Lemma 2, it is enough to prove that there exists a longest path P in G such
that End(P ) ⊆ S.
We choose the longest path P1 = v1v2 . . . vk of G such that
(i) |End(P1) ∩ S|= maximum.
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Wemay assume, without loss of generality, that v1 /∈ S. Denote byP the set of all longest paths ofG having vk as an end-vertex.
LetQ= q1q2 . . . qk be any element of P. Clearly qk = vk . Set (Q, q1)=max{i : qi ∈ N(q1)}. By the choice (i), we get that
q1 /∈ S. (1)
By Lemma 1(a) and the 2-connectivity of G, we have (Q, q1)3.We may assume that (Q, q1)k− 1; otherwise c(G)=n
by Lemma 1(b) and the theorem holds. Thus we have that
3(Q, q1)k − 1. (2)
Now we prove
{q2, q3, . . . , qm} ⊆ N(q1), (3)
where m = (Q, q1). Otherwise, there must be a vertex qt , 4tm, such that q1qt ∈ E(G), but q1qt−1 /∈E(G). By Lemma
1(c) and (i), we have that qt−1 /∈ S. However this contradicts that G ∈Fc, since d(q1, qt−1)= 2 and q1 /∈ S.
We now choose P2 = v1v2 . . . vk ∈ P such that
(ii) (P2, v1)= maximum.
Claim. N(vj ) ⊆ {v1, v2, . . . , vm} for each j = 1, 2, . . . , m− 1, where m= (P2, v1).
Proof. By (3) and Lemma 1(a) and (c), we get that for each j = 1, 2, . . . , m− 1, N(vj ) ⊆ V (P2).Assume that the claim does
not hold. Thus there exist two vertices vr and vs with 1rm − 1 and m + 1sk, such that vrvs ∈ E(G). By (3), we have
v1vr+1 ∈ E(G). ThusQ= (P2 ∪ v1vr+1)− vrvr+1 ∈ P with (Q, vr )s >m= (P2, v1), which contradicts the choice (ii).
The proof of Claim is complete. 
Now, by the Claim, we get that vm is a cut-vertex of G, which contradicts the 2-connectivity of G. 
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